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Abstract. We show that the knowledge of the set of the Cauchy data on the 
boundary of a bounded open set in R™, n > 3, for the magnetic Schrodinger 
operator with L°° magnetic and electric potentials determines the magnetic 
field and electric potential inside the set uniquely. The proof is based on a 
Carleman estimate for the magnetic Schrodinger operator with a gain of two 
derivatives. 



1. Introduction and statement of result 

Let Q C M. n , n > 3, be a bounded open set, and let u e C^°(Q). We consider the 
magnetic Schrodinger operator, 

L Aiq (x, D)u(x) := y^^Dj + A j (x)) 2 u(x) + q(x)u(x) 

3=1 

= -Au(x) + A(x) ■ Du(x) + D ■ (A(x)u(x)) + ((A(x)) 2 + q(x))u(x), 

where D = z _1 V, A £ L°°(f2, C n ) is the magnetic potential, and q E L°°(il, C) is 
the electric potential. We have Au e L°°(tt, C n ) n £'(£!, C n ), and therefore, 

L A>q : C7 co (fi) -)• H^iW 1 ) nf'(fi) 

is a bounded operator. Here £'(Q) = {v G P'(^) : supp (w) is compact}. 

Let us now introduce the Cauchy data for an solution u to the equation 

LA,q u = in f2, (1-1) 

in the sense of distributions. First, following [HELT], we define the trace space of 
the space as the quotient space H l (Q)/Hl (Q). The associated trace map 

T : H\Q) -> H^ty/H^n), Tu = [u], is the quotient map. Here H^(Q) is the 
closure of Cq°(£1) with respect to the if 1 (r2)-topology. 

Notice that if Q has a Lipschitz boundary, then the space H 1 ^)/!!^ (Q) can be 
naturally identified with the Sobolev space H l l 2 (dVt). Indeed, in this case the 
kernel of the continuous surjective map H 1 ^) — > H l / 2 {dVt), u H- u\qq is precisely 
H£(n), see [H Theorems 3.37 and 3.40]. 

l 



2 



KRUPCHYK AND UHLMANN 



For u G H l {VL) satisfying (jl.ip . we can define N A , q u, formally given by N A , q u = 
(d u u + i(A ■ v)u)\qq, as an element of the dual space /TJq as follows. 

For [g] G H\Q)/H^n), we set 

(N A , q u, [g})n ■= I (V« -Vg + iA- (uVg - gVu) + (A 2 + q)ug) dx. (1.2) 
Jn 

As u is a solution to (II. II) . Na^u is a well-defined element of (H 1 ^)/ H^(Q))' . 

We define the set of the Cauchy data for solutions of the magnetic Schrodinger 
equation as follows, 

CA,g '■= {(Tu, Na,qu) : u G H x (Vl) and La , q u = in Q}. 

The inverse boundary value problem for the magnetic Schrodinger operator LA, q 
is to determine A and q in Q from the set of the Cauchy data Ca )CI - 

Similarly to [20], there is an obstruction to uniqueness in this problem given by 
the following gauge equivalence of the set of the Cauchy data: if ip G W 1,oc in a 
neighborhood of Q and ip\on = 0, then CA, q = CU+v^.g) see Lemma IXT1 below. 
Hence, the map A y A + transforms the magnetic potential into a gauge 
equivalent one but preserves the induced magnetic field dA, which is defined by 

dA= ^ (d Xj A k - d Xk Aj)dxj A dx k , 

l<j<k<n 

in the sense of distributions. Here A = (Ai, . . . , A n ). In view of this and of the 
fact that the magnetic field is a physically observable quantity, one may hope to 
recover the magnetic field dA and the electric potential q in Q from the set of the 
Cauchy data Ca, q - 

As it has been shown by several authors, the knowledge of the set of the Cauchy 
data Ca , q for the magnetic Schrodinger operator La , q does determine the mag- 
netic field dA and the electric potential q in Q uniquely, under certain regularity 
assumptions on A and q. In [20J, this result was established for magnetic po- 
tentials in W 2,co , satisfying a smallness condition, and L°° electric potentials. In 
[13], the smallness condition was eliminated for smooth magnetic and electric 
potentials, and for compactly supported C 2 magnetic potentials and L°° electric 
potentials. The uniqueness results were subsequently extended to C 1 magnetic 
potentials in [22], to some less regular but small potentials in [T3], and to Dini 
continuous magnetic potentials in [T7] . 

The purpose of this paper is to extend the uniqueness result to the case of mag- 
netic Schrodinger operators with magnetic potentials that are of class L°°. Our 
main result is as follows. 

Theorem 1.1. Let Q C MJ 1 , n > 3, be a bounded open set, and let A\,A-i G 
L°°(Q, C n ) and q u q 2 G L°°(fi,C). If C Al , qi = C A2m , then dA x = dA 2 and 
Qi — Q2 in Q. 



MAGNETIC SCHRODINGER OPERATOR WITH BOUNDED POTENTIALS 3 

Notice in particular that in Theorem II. II no regularity assumptions on the bound- 
ary of Q are required. 

The key ingredient in the proof of Theorem 11.11 is a construction of complex 
geometric optics solutions for the magnetic Schrodinger operator L^q with A £ 
L°°(Jl, C n ) and q £ L°°(Q,C). When constructing such solutions, we shall first 
derive a Carleman estimate for the magnetic Schrodinger operator L/A, q , with a 
gain of two derivatives, which is based on the corresponding Carleman estimate 
for the Laplacian, obtained in [19]. Another crucial observation, which allows 
us to handle the case of L°° magnetic potentials is that it is in fact sufficient to 
approximate the magnetic potential by a sequence of smooth vector fields, in the 
L 2 sense. 

We would also like to mention that another important inverse boundary value 
problem, for which the issues of regularity have been studied extensively, is 
Calderon's problem for the conductivity equation, see [1]. The unique identifia- 
bility of C 2 conductivities from boundary measurements was established in |21j . 
The regularity assumptions were relaxed to conductivities having 3/2 + e deriva- 
tives in [2], and the uniqueness for conductivities having exactly 3/2 derivatives 
was obtained in [15], see also [3]. In [8], uniqueness for conormal conductivities 
in C l+e was shown. The recent work [9] proves a uniqueness result for Calderon's 
problem with conductivities of class C l and with Lipschitz continuous conduc- 
tivities, which are close to the identity in a suitable sense. 

The paper is organized as follows. Section [2] contains the construction of com- 
plex geometric optics solutions for the magnetic Schrodinger operator with L°° 
magnetic and electric potentials. The proof of Theorem 11.11 is then completed in 
Section [3j 

2. Construction of complex geometric optics solutions 

Let Q C W 1 , n > 3, be a bounded open set. Following [5j (TTJ, we shall use the 
method of Carleman estimates to construct complex geometric optics solutions 
for the magnetic Schrodinger equation La^u = in f2, with A £ C n ) and 

q £ L°°(fi,C). 

Let us start by recalling the Carleman estimate for the semiclassical Laplace 
operator — h 2 A with a gain of two derivatives, established in [JJ5], see also [TTJ. 
Here h > is a small semiclassical parameter. Let Q be an open set in MJ 1 such 
that Q CC Q and let if £ C°°(f2,R). Consider the conjugated operator 

P ip = e^(-h 2 A)e-^, 

with the semiclassical principal symbol 

^(^,0 = e 2 + 2^V^-e-|V^| 2 , x£fi, ££M n . 
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We have for (x,g) 6 fi x R", |(| > C » 1, that ~ l£| 2 so that P v> is 

elliptic at infinity, in the semiclassical sense. Following [IT] , we say that </? is a 
limiting Carleman weight for — h 2 A in Q, if 7^ in f2 and the Poisson bracket 
of Repp and Imp^ satisfies, 

{Rep^, Imp^Xx, 0=0 when f ) = 0, (x, ()eOx R n . 

Examples of limiting Carleman weights are linear weights <p(x) = a ■ x, a E ~$L n , 
\a\ = 1, and logarithmic weights p(x) = log \x — Xq\, with xq ^ f2. In this paper 
we shall only use the linear weights. 

Our starting point is the following result due to [19]. 

Proposition 2.1. Let tp be a limiting Carleman weight for the semiclassical 
Laplacian on Q, and let ip e = ip + j^p 2 - Then for < h <C e <C 1 and s E E, we 
have 



h 



: „n||^+ 2(RJl) < C\\e^/ h (-h 2 A)e~^/ h u\\ H!ciiRn) , C> 0, (2.1) 



for alluE C °°(fi). 
Here 

IMk cl (^) = ii(^} s «i|l 2( r"), (0 = (i + iei 2 ) 1/2 , 

is the natural semiclassical norm in the Sobolev space H s (K. n ), s EM.. 

Next we shall derive a Carleman estimate for the magnetic Schrodinger operator 
L Aiq with A E L°°(QX n ) and q E L°°(ft,C). To that end we shall use the 
estimate (12. ip with s — —1, and with e > being sufficiently small but fixed, i.e. 
independent of h. We have the following result. 

Proposition 2.2. Let (p E C°°(Q,M.) be a limiting Carleman weight for the 
semiclassical Laplacian on Q, and assume that A E L°°(Q, C n ) and q E L°°(Q, C). 
Then for 0</iCl, we have 

h\\u\\ HLim < C\\e^\h 2 L A , q )e-^ h u\\ H - lm , (2.2) 
for alluE Cg°(fi). 

Proof. In order to prove the estimate (I2.2p it will be convenient to use the fol- 
lowing characterization of the semiclassical norm in the Sobolev space H~ 1 (M. n ), 

sup —r , (2.3) 



where (•, is the distribution duality on 



dx 
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Let ip £ = Lp + 7^Lp 2 be the convexified weight with e > such that </}<£< 1, 
and let u e C™(Q). Then for all ^ ip e C °°(M n ), we have 

\{e^ /h h 2 A- D(e-^ /h u)^) R n\ < j hA ■ (- u(l + ^ipj Dip + hDuj^ 

< 0(h)\\u\\ HLi{Rn) \m H i ci{Rn) . 

We also obtain that 

\(e^ /h h 2 D-(Ae-^ /h u),ij) R n\ < [ \h 2 Ae~^ /h u ■ D(e^ /h ^)\dx 

< 0(h)\\u\\ H i ci{Rn) \\tp\\ H ij Rn) . 

Hence, using (12. 3p . we get 
\\e^ h h 2 A- D(e-^ h u) +e^ h h 2 D ■ (Ae-^/ h u)\\ H j {Rn) < 0(h)\\u\\ HLi{Rn) . (2.4) 

Notice that the implicit constant in (12. 4p only depends on ||A||£,°o(^), ||y>||.L°°(n) 
and ||Z)(^||x,cx)(q). Now choosing e > sufficiently small but fixed, i.e. independent 
of h, we conclude from the estimate (12 .ip with s = — 1 and the estimate (12 .4p 
that for all h > small enough, 

\\e^ /h (-h 2 A)e~^ /h u + e^ /h h 2 A ■ D(e~^ /h u) + e^ /h h 2 D ■ (Ae-^ /h u)\\ H -i (Rn) 

h 



> ^iMIi^QR"), c > 0. 



(2.5) 



Furthermore, the estimate 



\\h 2 (A 2 + q)u\\ H j (Rn) <0(h 2 )\\u\\ Hl 



) ^ «^V U )\\ u \\Hl cl (M") 



and the estimate (I2.5P imply that for all h > small enough, 

h 

.) > ^||«||ifi cl (K«) 



e^\h 2 L Aq )e-^ h u\\ H - URn) > c- > . 



Using that 
we obtain (I2.2p . The proof is complete. 



□ 



Let tp G C°°(f2,R) be a limiting Carleman weight for —h 2 A and set L v 
e <p/h(f l 2 L ^ e - v /h m Then we have 



(L v u, v) n = (u, L* v v) n , u, v e C~(ft), 

where L* = e~ v / h {h 2 L^^)e v / h is the formal adjoint of L v and (-, -)q is the distri- 
bution duality on Q. We have 

l* : L7 °°(fi) -> if-^M") n £'(fi) 



6 KRUPCHYK AND UHLMANN 

is bounded, and the estimate f l2.2j) holds for L* , since — tp is a limiting Carleman 
weight as well. 

To construct complex geometric optics solutions for the magnetic Schrodinger 
operator we need to convert the Carleman estimate (12.21) for L* into the following 
solvability result. The proof is essentially well-known, and is included here for 
the convenience of the reader. We shall write 

IMIfl^n) = IMIl»(n) + II^MIi^n), 
\\ v \\H-}(n) = SU P 



Proposition 2.3. Let A G L°°(tt,C n ), q G L°°(f2,C), and let if be a limiting 
Carleman weight for the semiclassical Laplacian onQ. If h > is small enough, 
then for any v G H there is a solution u G of the equation 

e' f/h (h 2 L A)q )e- tp/h u = v in Q, 

which satisfies 

C 

IMIfl^n) < jMu^y 

Proof. Let v G H~ l {VL) and let us consider the following complex linear functional, 

L : L;Co°°(Q) C, L;w^(w,v) n . 

By the Carleman estimate (12. 2p for L* the map L is well-defined. Let w G 
Cq°(Q). Then we have 

\ L ( L * V ™)\ = \(w,v) n \ < \\w\\H^ ) \\v\\ H -i {n) 

C 

- ^■Il u llfl- I 1 (n)ll^>llfl- 1 1 (H»)- 

By the Hahn-Banach theorem, we may extend L to a linear continuous functional 
L on H ~ 1 (IR n ), without increasing its norm. By the Riesz representation theorem, 
there exists u G fl' 1 (R ft ) such that for all ip G H- 1 (R n ), 

~ C 

L(ip) = {ip,u) Rn , and IMIfri^n) < -r\\v\\ H -l(ci)- 

Let us now show that L^u = v in Q. To that end, let w G C^°(Q). Then 



(L v u, w)n = («, L* v w) R n = L(L* w) = (w, u) n = (v, w) Q . 
The proof is complete. □ 

Let A G C n ). We shall extend A to W 1 by defining it to be zero in W 1 \ Q, 

and denote this extension by the same letter. Then A G (L°° fl £')(R n ,C n ) C 
LP(M n ,C n ), 1 < p < oo. 
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Let ty T (x) = r" n ^(x/r), r > 0, be the usual mollifier with G C£°(R"), < 
* < 1, and / tfcfcc = 1. Then A* = A*^ T e C™(R n , C n ) and 

||A-A»|| i 2 (Dl » ) = o(l), r^O. (2.6) 
A direct computation shows that 

||9 a A a || Lco(R n) = C(r~ |Q| ), r^O, for all a, |a| > 0. (2.7) 

We shall now construct complex geometric optics solutions for the magnetic 
Schrodinger equation 

L Aq u = in Q, (2.8) 

with A G L°°(Q, C n ) and q G L°°(f2, C), using the solvability result of Proposition 
I2.3l and the approximation (12.61) . Complex geometric optics solutions are solutions 
of the form, 

u(x, C; h) = e x </ h (a(x, (; h) + r(x, C; h)), (2.9) 

where ( G C n , £ • £ = 0, |£| ~ 1, a is a smooth amplitude, r is a correction term, 
and h > is a small parameter. 

It will be convenient to introduce the following bounded operator, 

m A : if 1 ^) -»• H- 1 ^), m A (u) = D - (Au), 
where the distribution m A (u) is given by 



(m A (u),v) n 



[ Au-Dvdx, v G C™{tt). 
Jn 



Let us conjugate h 2 L Ajq by e x '^^ h . First, let us compute e x 'Zf h o h 2 m A o e x ' < '^ h . 
When it G tf 1 ^) and u G C£°(fi), we get 

(e- I< ^ 2 m i (e I< N,^=- / h 2 Ae x</h u ■ D{e~ x</h v)dx 

Jn 

= - (hi( • Auv + h 2 Au ■ Dv)dx, 



and therefore, 

e -x</h Q h 2 mA Q e x-c/ft = _ hi £ . A + h 2 mA 
Furthermore, we obtain that 

e -*</h o (-/i 2 A) o e 3 */* = -/i 2 A - 2i/iC • D, 
e~ x</h o fr 2 (A ■ D) o e*^ = /i 2 A • D - hi( ■ A. 

Hence, we have 

e- x</h oh 2 L Aq oe x</h = -h 2 A-2ih(-D + h 2 A-D-2hi(-A + h 2 m A + h 2 (A 2 + q). 

(2.10) 
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We shall consider ( depending slightly on h, i.e. ( = Co + Ci with Co being 
independent of h and Ci = 0{h) as h — > 0. We also assume that | Re Co I = 
|ImCo| = 1- Then we write ( I2.10P as follows, 

e -x</h h 2 L A , q o e x</h = -h 2 A- 2ih( ■ D - 2ih(i ■ D + h 2 A ■ D — 2hi( ■ A* 

- 2hi( • (A - A s ) - 2hi(i ■ A + h 2 m A + h 2 {A 2 + q). 

In order that ( 12. 9 p be a solution of ( 12. 8p . we require that 

Co- Da + Co- A i a = in R n , (2.11) 

and 

e- x</h h 2 L Aq e x</h r = -(-h 2 Aa + h 2 A ■ Da + h 2 m A {a) + h 2 (A 2 + q)a) 

+ 2ih(i • Da + 2/w'Co • (A - A*)a + 2hi& ■ Aa =: g in fi.^' 12 '' 

The equation (12. lip is the first transport equation and one looks for its solution 
in the form a = e* , where solves the equation 

Co- V$ tt + iCo-^ = in R n . (2.13) 

As Co "Co = and |ReCo| = | im Co| = 1, the operator N^ := Co - V is the <9-operator 
in suitable linear coordinates. Let us introduce an inverse operator defined by 

fKr-i*\( \ 1 f /(^-yiReCo-^ImCo) ^ , n . 

A c / x = — / — dyxdy 2 , f G C (M ). 

We have the following result, see [T7J Lemma 4.6]. 

Lemma 2.4. Let / G W k ' co (W 1 ), k > 0, with supp (/) C B(0,R). Then $ = 
iV^ 1 / G W^'°°(M n ) satisfies iV Co $ = / in E n , and we nave 

||3Hlw*'°°(R n ) < C|l / II vF fe '°°(]R") ? (2-14) 
w/iere C = C(i2). If f E C (K n ) ; i/ten $ G C(K n ). 

Thanks to Lemma E31 the function $ tt (x,Co;r) := N^(-iCo • G C°°(R n ) 

satisfies the equation ( 12.13p . Furthermore, the estimates ( 12. 7ft and ( 12. 14ft imply 
that 

||<9 a $ tt || L ~(R™) < C a r" |a| , for all a, |a| > 0. (2.15) 
Owing to [2~Tl Lemma 3.1], we have the following result, where we use the norms 

imiW)= / (i + \x\ 2 y\f(x)\ 2 dx. 

Lemma 2.5. Let — 1 < 5 < and /ei / G L^ +1 (IR' 1 ). TTien there exists a constant 
C > 0, independent of Co? suc/i 



I^VIU^r") < cy/iu 
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Setting $(-,Co) := N^ 1 (— *Co • 4) e L°°(IR n ), it follows from Lemma [23] and the 
estimate ( 1231) that $"(-, £o; t) converges to $(-,Co) in Lf oc (R Tl ) as r -> 0. 

Let us turn now to the equation (12.121) . First notice that the right hand side g of 
(I2.12p belongs to H~ 1 (Q) and we would like to estimate (Mia-- 1 my To that end, 



let ^ i/j £ Cg°(fi). Then using (T2TT5]) and the fact that Ci 
the Cauchy-Schwarz inequality, 

\(h 2 Aa,^) n \ < 0(h 2 /r 2 )\m LHn) < 0{h 2 jr 



(«)• 

0(h), we get by 



\(h 2 A - Da^) n \ < 0(h 2 /r)U\\ HUn) , 



\(2ihCi-Da,^) a \< 0(K'/r)U\ ]HLii ny. 
\(2hiCi -Aa,i>U< 0(h 2 )U\\ HL(n) . 
Using ( 12. 6 p and (" 12. 15j) . we have 



\(2hi( ■ (A - A*)a, V)n| < 0(/OIMU~Ci**)P - A«| 

< 0(h)o T -M>(l)W\\ HM . 

With the help of ([2Jl, (l2"77j) . and (12TT5|) . we obtain that 



£8(0)11^11^(0) 



|(/i 2 r7u(a),^)o| < 



< 



h 2 (D- {A*a))1)dx 



I h 2 (A- A*)a- Dxjjda 
Jn 

0(h)\\A-A% 2(Q) \\hD<4>\\ L2{n) 



<(O(h 2 /r) + O(h)o T ^ (l 



We also have ||/i 2 (/i 2 + q)a\\ L 2 (n) < 0(h 2 ). Thus, from the above estimates, we 
conclude that 

\\g\\ H - nn) <0(h 2 /r 2 ) + 0(h)o T ^(l). 
Choosing now r = h a with some a, < a < 1/2, we get 

IMIif-ftn) = °( h ) as h->0. (2.16) 

Thanks to Proposition 12.31 and (I2.16p . for h > small enough, there exists a 
solution r £ if x (fi) of ( I2.12p such that ||r|| H i ( n ) = o(l) as h -> 0. 

The discussion led in this section can be summarized in the following proposition. 

Proposition 2.6. Let Q C M n , n > 3, fee o bounded open set. Let A £ 
L°°(fi, C n ), q £ L°°(fi, C), and Ze* C e C n be such that C ■ C = 0, C = Co + Ci with 
Co being independent of h > 0, | Re Co I = l im Co| = 1, and Ci = ®{h) as h — > 0. 
Then for all h > small enough, there exists a solution u(x, £; /i) £ to tne 

magnetic Schrddinger equation La, q u = m f2, o/ t/ie /orm 
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The function &(-,( ;h) E C 00 ^™) satisfies ||<9 a $ s || L °o (R n) < C a h~ a ^, < a < 
1/2, for all a, \a\ > 0, and $"(-,Co; h) converges to $(-,Co) := N7*{—i(, Q ■ A) E 
L°°(R n ) m Lf oc (W n ) as h ->■ 0. Here we have extended A by zero to R n \tt. The 
remainder r is such that \\r\\ H i ^ = o(l) as h — > 0. 

3. Proof of Theorem 11.11 

Let us begin by recalling the following auxiliary, essentially well-known, result 
which shows that the set of the Cauchy data for the magnetic Schrodinger opera- 
tor remains unchanged if the gradient of a function, vanishing along the boundary, 
is added to the magnetic potential, see [T7J Lemma 4.1], |20j . 

Lemma 3.1. Let O C 1" a bounded open set, let A E L°°(f2,C n ) , q E 
L°°(Q,C), and let tp E W 1,OD in a neighborhood ofVL. Then we have 

e^o^oe'^i^, (3.1) 

If furthermore, ip\an = then 

C *A,q — C J 4+w,g- (3-2) 

Proof. Let us notice first that the assumption that if; E W 1,oc in a neighborhood 
of Q implies that i/j is Lipschitz continuous on Q, so that i/j\qq is well-defined 
point wise. 

Since (13. ip follows by a direct computation, only (13. 2 p has to be established. To 
that end, let u E H 1 (Q) be a solution to L A>q u = in Q. Then e~ l ^u E H 1 (Q) 
satisfies L^+y^, jq (e~ % ^u) = in Q. Let us show that T(e~ l ^u) = Tu. In other 
words, we have to check that 

u{e~^ - 1) E H^{Q). (3.3) 

Since the function e~ 1 ^ — 1 is Lipschitz continuous on Q and vanishes along dQ, 
we have \e~ l ^ x > — 1| < Cd(x) for any x E f2 and some constant C > 0. Here 
rf(x) is the distance from x to the boundary of Q. Then (13.31) follows from the 
following fact: if v E H 1 ^) and v/d E L 2 (Q), then v E Hq(Q), see [61 Theorem 
3.4, p. 223]. 

Let us now show that NA+\/ip, q (e~ % ^u) = Na, q u. To that end, first as above, one 
observes that for g E if 1 (fi), we have [g] = [e l ^g]. Thus, 

(N A+vfiq (e-^u), [g]) n = (N A+v ^ q ( e -^u), [j*g]) n = (N A , q (u), [g]) n , 

for any [g] E H 1 ^)/ H^(Q), and therefore, C A , q C C A+ ^^ tQ . The proof is com- 
plete. □ 

The first step in the proof of Theorem [1J] is the derivation of the following integral 
identity based on the fact that C Aim = C A2tq2 , see a ^ so P3 Lemma 4.3]. 



MAGNETIC SCHRODINGER OPERATOR WITH BOUNDED POTENTIALS 11 

Proposition 3.2. Let Q C W L , n > 3, be a bounded open set. Assume that 
A U A 2 £ L°°(n,C n ) and q 1 ,q 2 £ L°°(f2,C). If C Al>qi = C Mm , then the following 
integral identity 

/ i(Ax - A 2 ) ■ (wiVn^ - uiVu^dx + / {A\ - A\ + q x - q 2 )u 1 T^dx = (3.4) 

/io/c?s /or any u±,u 2 £ i/ 1 (f2) satisfying L Aiqi Ui = in Q and L-^-^u 2 = in fl, 
respectively. 

Proof. Let Ui, «2 £ -f/" 1 ^) be solutions to L Al>qi u\ = in Q and L^-^u 2 = in f2, 
respectively. Then the fact that = C A2m implies that there is v 2 £ if 1 ^) 

satisfying L A2m v 2 = in f2 such that 

T«i = Tf 2 and N Aim ui = N Mm v 2 . 

This together with ( II. 2p shows that 



Then the integral identity (13.41) follows from the definition (jl.2p of A r ^ 1 i9l tti and 
N-^-^u 2 . The proof is complete. □ 

We shall use the integral identity ( 13 .4p with wi and u 2 being complex geometric 
optics solutions for the magnetic Schrodinger equations in Q. To construct such 
solutions, let £, ^1,^2 £ ^ n be such that |/ii| = \fi 2 \ = 1 and ^\ ■ \i 2 — \i\ ■ £ — 
li 2 ■ £ — 0. Similarly to [2D], we set 



Ci = ^+/ii+^l-^ 2 ^2, C 2 = -^-/ii + ^l-^ 2 ^2, (3.5) 

so that Q ■ Q = 0, j = 1, 2, and (Ci + C,2)/h = i£. Here /i > is a small enough 
semiclassical parameter. Moreover, (1 = fii+ifi 2 +0(h) and ( 2 = —fii+ifi 2 +0(h) 
as h — > 0. 

By Proposition [2761 for all /i > small enough, there exists a solution u±(x, d; h) £ 
H 1 ^) to the magnetic Schrodinger equation L Altqi u± = in Q, of the form 

uifo Ci; h) = e x<i/h( e *H*^+w,h) + ^ ^ (3 6) 
where $}(■, /Ui + ^u 2 ; /i) £ C°°(R n ) satisfies the estimate 

||<9 q $"i||l~(k«) < C a hr*W, < a < 1/2, (3.7) 
for all a, \a\ > 0, $f (•, A*i + ^2; ^) converges to 

$ 1 (-,/x 1 + ^ 2 ) ^N-^H^i + W-AO £L 0O (E") (3.8) 
in L 1 2 oc (lR n ) as /i -»■ 0, and 

l|ri|ki l( n) = o(l) as fc->0. (3.9) 
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Similarly, for all h > small enough, there exists a solution u 2 (x, C2; h) G if 
to the magnetic Schrodinger equation L-^—u 2 = in Q, of the form 

M2 ( x , ( 2] h) = e *-C 3 /h( e *S(*.-w4^;fc) + ^ Ca . ^ (3-10 ) 

where $|('> ~~ A*i + ^2; h) G C°°(R n ) satisfies the estimate 

H^llU-fRn) < a^—^l, < a < 1/2, (3.11) 
for all a, \a\ > 0. Furthermore, $|("> — ^1 + ^) converges to 

$ 2 (-,-/i 1 +2/i 2 ) := Nzl +ilX2 {-i{-^ + i^)-M) E L°°(R") (3.12) 
in Lf oc (R n ) as /i ^ 0, and 

Nla^n) = as h^O. (3.13) 

We shall next substitute u\ and 1*2, given by (I3.6P and ( 13. 101) . into the integral 
identity (13 AL multiply it by h, and let h — > 0. We first compute 



+ /ie^(e** Ve*" + e*? Vr^ + nVe*S + nVfi). 
Recall that C2 = — A*i — ^2 + O(fo). We shall show that 
(/ii + « • / (A 1 - A 2 )e ix <e^ + <dx -> + i/i 2 ) • / (4i - A 2 )e^e* 1+¥; dx, 

as h — > 0, where $1 and $2 are defined by (13.81) and (I3.12p . respectively. To that 
end, we have 



<d|e*i + *'-e 



< J>l+<E>2 I 



( Ml + z/i 2 ) • l{A x - A 2 )e ix <(e^ - e^)dx . 

as /i — )■ 0. Here we have used the inequality 

e w | < |^- l w|e max(Bair ' Rau ' ) J z,w G C, (3.14) 



le 2 



obtained by integration of e z from z to w, and the fact that ^ G L°°(IR n 

j = 1,2, and ||3>!-||l°°(r«) < C uniformly in h. 

Now using the estimates (|3.7p . (I3.9p . (13.111) and (13.131) . we get 

< C\\A X - A 2 || Loo (||e**|U 2 ||^|| i2 + INbHe^lb + INU^f^) = o(l), 
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as h — y 0. We also obtain that 

hi{A 1 - A 2 ) ■ e^'^e^Ve*" + e^Vf^ + nVe*' + nVitjdx 

< 0{h){h- a + h^o{\) + o{l)h~ a + o(l)/i" 1 ) = o(l) 
as /i — J- 0. Here < a < 1/2. Furthermore, 
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h (A 2 1 -Al + q 1 - g 2 )e te *(e*i + *3 + + r x e** + nr^)dz 



as h — > 0. Hence, substituting u\ and «2, given by (13. 6p and (I3.10p . into the 
integral identity (13. 4p . multiplying it by h, and letting h — > 0, we get 



Oi + ^2) 



• f (A x - A 2 )e ix< e q ' l[x ^ +i ^ )+ ' 5 ' 2 ^-^ +i ^ ) dx = 0, (3.15) 



where 



$1 = A^HG-ii + ^2) • At) G L»(R»), 
$2 = NZ^i-ii-fi, + z> 2 ) G L°°(M n ). 

Notice that the integration in (13. 15ft is extended to all of R n , since Ai = A 2 = 
on R n \ Q. 

The next step is to remove the function e* 1+ * 2 in the integral (I3.15p . First using 
the following properties of the Cauchy transform, 



we see that 



$1 + $2 = N-^{-i{m + m) ■ (A 1 - A 2 )). 
We have the following result. 



(3.16) 



Proposition 3.3. Let £,/ii,/i2 G M. n , n > 3, be such that = \fi 2 \ = 1 and 
^■/i 2 = /ii-e = ^2-e = 0. Let W G (L°° fi £') (R n , C n ) and = ^-^(-1(^1 + 
z> 2 ) • W). T/ien 

(/ii + m) ■ [ W(x)e ix< e^ x) dx = (m + z> 2 ) • / W{x)e ix< dx. (3.17) 



Proof. The statement of the proposition for W G ^(M" - ^™) is due to [7j, with 
similar ideas appearing in |20j . See also [T8| Lemma 6.2]. For the completeness 
and convenience of the reader, we shall give a complete proof of the proposition 
here. 

Assume first that W G Cg°(M n , C n ). Then by Lemma El we have 

= N'^J-i^ + ^ 2 ) ■ W) G C~(R»). (3.18) 
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We can always assume that jii = (1,0,..., 0) and fi 2 = (0, 1, 0, . . . , 0), so that 
f = (0,0,f")> f" G R n " 2 , and therefore, 

(d Xl +td X2 )(f)= -t(fn+tfi 2 )-W in R n . 

Hence, writing x = (x',x"), x' = (xi,x 2 ), x" G R n_2 , we get 

(Mi + £a* 2 ) • / W(x)e"'V (x,) d:r = i / e^V^ (0^ + id X2 )cj)(x)dx 



e ix < h(x")dx" 

n— 2 



where 



/ (3* + id X2 )e^dx' = lim / (^ + id X2 )e^dx' 

JR 2 R ^°°J\x'\<R 

= lim / e^i/i + MAjJdS^x')- 



Here z/ = (v\,v 2 ) is the unit outer normal to the circle = R, and we have 
used the Gauss theorem. 

It follows from (13.181) that \(f)(x',x")\ = 0(l/\x'\) as \x'\ —> oo. Hence, we have 
e<t> = 1 + + 0(\(j)\ 2 ) = 1 + (f) + 0(\x'\- 2 ) as \x'\ oo. 

Since 

/ (l/! + z^)^(x') = / + zcy (l)cb' = 0, 

J\x'\=R J\x'\<R 

C(|x'|" 2 )(z/i +ii/ 2 )c/,S i? (x') < 0(R~ 1 ) as i? ^ oo, 

|x'|=R 

we obtain that 

h(x") = lim / <fi(x)(vi + iu2)dSji(x') = lim / (c^ + id X2 )<fi(x)dx' 

R ^°°J\x'\=R R ^°°J\x'\<R 

i(fii + ifi2) ■ W(x)dx', 



which shows fl3~T7j) for VP G Cg°(R n ,C n ). 

To prove (13.171) for W G (L oc nE')(W l , C n ), consider the regularizations Wj = Xj* 
W G C£°(R n ). Here x,-(a?) = J n x{jx) is the usual mollifier with 0<xG C^(R n ) 
such that J xdx = 1. Then Wj W in L 2 (R n ) as j — > oo and 

||Wj||l-(K«) < ||^||L-(M«)||XilUi(K«) = ||^|U-(r«), j = 1,2,.... (3.19) 

Furthermore, there is a compact set /<" CC R n such that supp (Wj), supp (W) C 
AT, 3 = 1,2,.... 



MAGNETIC SCHRODINGER OPERATOR WITH BOUNDED POTENTIALS 15 

We set = N~^ +itl2 {-i(m +i^ 2 )-Wj) 6 C°°(R n ). Then by LemmaEH we know 
that 4>j — in Lf oc (R n ) as j — >■ oo. Lemma H3] together with the estimate (I3.19P 
implies that 

||<Ml~(R") < CWWjWLoopn) < C\\W\\ L oo m , j = 1,2,.... (3.20) 

For j = 1, 2, . . . , we have 

im + m)- I Wjixy^e^dx = (Ati + z'/i 2 ) • / W,(x)e^dx. (3.21) 

The fact that the integral in right hand side of (I3.2ip converges to the integral 
in the right hand side of (I3.17P as j — > oo follows from the estimate 

(A*i + i/x 2 ) • / (Wj(x) - W{x))e ix< dx 
Jk 

In order to show that the integral in the left hand side of (I3.2ip converges to the 
integral in the left hand side of (I3.17P as j — > oo, we establish that I\ + J 2 — > 
as j — > oo, where 

h := (/i! + i/i 2 ) ■ [ (Wj(x) - W{x))e ix< e^ {x) dx, 
Jk 

h := (m + ifi 2 ) • / W(x)e ix - f (e^ (a;) - e^dx. 
Using f )3.20p . we have 
Ihl < Ce 11 ^ 11 ^^") ( \Wj(x) - W(x)\dx < C\\Wj - W\\ L 2 {K) -± 0, j ^ oo. 

Using ( BHD and (PS) , we get 

|/ 2 | < C||^|U~ (Mn) ||e^) - e^|| L2W < G||^ - 0|| L2W -> 0, j -> oo. 

Here we have also used that <pj — > <p in L^ oc (lR n ) as j — > oo. Hence, passing 
to the limit as j — > oo in (I3.2ip . we obtain the identity (I3.17p . The proof is 
complete. □ 

By Proposition 13.31 we conclude from (" 13 . 1 5[) and (13 . 1 6[) that 

(A*i + W- / (Ai{x) - A 2 {x))e ix <dx = 0. (3.22) 

It follows from fl3T22|) that - A 2 (0) = whenever are such that 

= 0. Here A,- is the Fourier transform of Aj, j = 1, 2. Let fijk(0 = ij^k—^k^j 
for j ^ k, where e\, . . . , e n is the standard basis of lR n . Then fijk(Q • £ = 0, and 
therefore, 



< C\\Wj - W\\ L 2 {K) 0, j'^oo. 
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Hence, d x .{A lk — A 2)k ) — d Xk {A 1} j — A 2 j) = in M. n in the sense of distributions, 
for j ^ k,\nd thus, d(A 1 - A 2 ) = in'l" 

Our next goal is to show that q± = q 2 in Q. First, viewing A\ — A 2 as a 1- 
current and using the Poincare lemma for currents, we conclude that there is 
ip G V'(R n ) such that dip = A 1 - A 2 G n £'){R n ) in W\ see [IE]. It follows 
from [TUJ Theorem 4.5.11] that ip is continuous on M n , and since ip is constant 
near infinity, we have ip G L°°(M. n ). Therefore, if> G W 1 '°°(W n ), and without loss 
of generality, we may assume that there is an open ball B such that Q CC B and 
supp {if}) C B. 

We want to add Vip to the potential A 2 without changing the set of the Cauchy 
data for L A2>q2 on the ball B. To that end, we shall need the following result, 
which is due to [T71 Lemma 4.2]. 



Proposition 3.4. Let Q, Q' C M n be bounded open sets such that Q CC Q' . Let 
A U A 2 G L°°{n',C n ), andq 1 ,q 2 G L°°{Q,',C). Assume that 



If C AlQl = C A2m then C Al>qi = C A2q2 , where C' A is the set of the Cauchy data 
for L Aj<Qj inn', j = 1,2. 

Proof. Let u[ G be a solution to L Aljqi u[ = in Q' and let u\ = u[\n G 

H 1 ^). As Cax,^ = Ca 2 ,<j2 5 there exists u 2 G satisfying L A2m u 2 = in Jl 

such that 

Tu 2 = Titi and N A2m u 2 = N Al>qi Ui in f2. 
In particular, <p :— u 2 — Ui G Hq{VL) C ifo(fi'). We define 

u 2 = u [ + <pe H 1 ^'), 
so that u' 2 = u 2 on Q. It follows that Tu 2 = Tu[ in 

Let us show now that L A2m u' 2 = in Q'. To that end, let ip G C^°(Q'), and write 



(L A2>q2 u' 2 , ip) Q > = / (Vm 2 • + A 2 ■ {Du 2 )if} - A 2 u 2 ■ Dip + {A\ + q 2 )u 2 ip)dx 



A\ = A 2 and q\ = q 2 in Q' \ Q. 



(3.23) 



(L A2>q2 u' 2 ,ip) a , 




Using f)3.23p . we have 




(Vu'j -Vip + Ax- {Du'^ip - A lU [ ■ Dip + {A\ + qju'^dx 



(Vy? ■ Vip + Ai ■ {D(p)ip - Anp ■ Dip + {A\ + qi)ipip)dx. 
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As <p G Hq(Q), we get 

/ (Vy> • + At ■ {Dip)ij} - Aw ■ Dtp + (A\ + q x )^)dx = 0. 
Jn'\n 

This together with the fact N A2jq2 u 2 = N Altqi u\ in f2 implies that 

(L A2jq2 u' 2 ,ip) n , = {N A2> g 2 u 2 , [tp\n])n 

+ I (Vm'j ■ + A x ■ (Du'Ji) - A lU [ ■ + (A\ + qi )u\i))dx 
Jn>\n 

= (L Auqi u f 1 ,ip) nl = 0, 
which shows that L A2 ^ q2 u' 2 = in Q ; . 

Arguing similarly, we see that N A2m u' 2 = N Altqi u[ in Q', which allows us to 
conclude that C A qi C C' A2q2 . The same argument in the other direction gives 
the claim. □ 

Let us extend qj, j = 1, 2, to the open ball B by defining qj = in B \ Q. Then 
using Proposition 13.44 Lemma [3.11 and the fact that i/j\dB — 0, we obtain that 

° Ai,qi — L "A 2 ,q2 ~ L/ A 2 +W>,< ? 2 ~~ °Ai, 92 - 

This implies the following integral identity, 

(<7i - q-ijuYU^dx = 0, (3.24) 



valid for any U\,u 2 G H X {B) satisfying L Ai qi Ui = in B and L-^^ai^ = in B, 
respectively. 

Let us choose u\ and u 2 to be the complex geometric optics solutions in B, 
given by (13. 6p and (I3.10p . respectively. In this case, it follows from ( 13. 16[) that 

$i(-, + h) + $ 2 ('' — Z 1 ! + ^) converges to zero in Lj 2 oc (IR n ) as /i — > 0. 

Plugging Ui and u 2 into (I3.24p gives 

/ (<?i - g 2 )e JX ' f e* 1+ * 2 Gfe = - / {qi - g 2 )e 4:c ' 5 (e* 1 f^ + 7re* 2 + ri¥^)dx. 

JB JB 

Letting ft, 0, and using (l3"77jl . (I3~9|) . (l3~TID . and fl3~13|) . we get 

/ (9i - g 2 )e lx *efe = 0, 

JB 

and therefore, gi = q 2 in f2. The proof of Theorem 11.11 is complete. 
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